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s e c t i o n a l  dimensions a r e  an  apprec iab le  f r a c t i o n  of  a wavelength and i n  which 

the  cu r ren t  v a r i e s  d i scont inuous ly  with t i m e ,  

KEiATED TO: R A N D ' S  research  f o r  NASA on t h e  s c i e n t i f i c  u t i l i z a t i o n  o f  meteoro- 

l o g i c a l  s a t e l l i t e  da t a  and the  impl ica t ions  of new techniques and measurements 

t o  meteorological  s a t e l l i t e  development. 

DISCUSSION: S a t e l l i t e  measurements of  t h e  r a d i o  frequency r a d i a t i o n  from thunder- 

storms can provide use fu l  meteorological  information about t h e  d i s t r i b u t i o n  

of  thunderstorms and poss ib ly  about some p r o p e r t i e s  of the  l i g h t n i n g  s t r o k e ,  

However, t h e  only r a d i a t i o n  t h a t  can reach a s a t e l l i t e  i s  r a d i a t i o n  above a 

few megacycles, because only a t  these f requencies  w i l l  t he  s i g n a l  p e n e t r a t e  

t h e  ionosphere.  

a t  f requencies  above a f e w  megacycles i s  of p a r t i c u l a r  i n t e r e s t .  

For t h i s  reason,  the s p e c t r a l  d i s t r i b u t i o n  of  r a d i a t e d  energy 

F I N D I N G S :  I f  t h e  c u r r e n t  d i s t r i b u t i o n  is roughly uniform throughout t h e  streamer 

and drops r a p i d l y  t o  zero  a t  the  edge, the  amplitude o f  the  r a d i a t e d  spectrum 

w i l l  decrease  inve r se ly  as  the  frequency a t  f requencies  below the  one a t  which 

t h e  p r o j e c t i o n  of  t he  mean diameter of  the  streamer i n  the  d i r e c t i o n  o f  t he  

observer  i s  about 0.4i.. A t  h igher  f requencies ,  the spectrum decreases  i n -  

v e r s e l y  as the  512 power of  t he  frequency. For s t reamers  i n  which the  c u r r e n t  

v a r i e s  less ab rup t ly  o r  t h e  edge o f  the streamer i s  not so w e l l  de f ined ,  t he  

spectrum w i l l  decrease  more r ap id ly  than  t h i s  a t  high f requencies .  Experi-  

mental  evidence sugges ts  t h x t  the  s p e c t r u m  of l i g h t n i n g  decreases  inve r se ly  

as t h e  frequency up t o  a frequency of a t  least  500 Mc. I f  s o ,  i t  i s  concluded 

t h a t  e i t h e r  t he  r a d i a t i n g  streamer has  an  e f f e c t i v e  diameter of  less than 

24 cm ( c o n t r a s t i n g  wi th  v i s i b l e  diameters of 1 t o  10 m) o r  t h a t  t h e  streamer 

c u r r e n t  i s  not  t h e  major source o f  r a d i a t i o n  a t  f requencies  above a few 

hundred megacycles. 
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PREFACE 

This  Memorandum has  been prepared as a p a r t  of RAND'S work on 

s a t e l l i t e  meteorology sponsored by NASA. It concerns t h e  s p e c t r a l  

d i s t r i b u t i o n  of r a d i o  frequency energy r a d i a t e d  by a s t r o k e  of l i g h t n i n g  

i n  t h e  frequency band i n  which t h e  r a d i a t e d  s i g n a l  w i l l  p e n e t r a t e  t h e  

ionosphere and hence i s  d e t e c t a b l e  by satellites. Using t h e  r e s u l t s  

obtained,  experimental  da t a  on t h e  r a d i a t e d  spectrum from l i g h t n i n g  

can be i n t e r p r e t e d  i n  terms of t h e  s i z e  of  t h e  r a d i a t i n g  s t reamer ,  and 

thus  t h i s  Memorandum should be of i n t e r e s t  t o  anyone who i s  concerned 

wi th  t h e  phys ica l  theory  of l ightning.  
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An es t ima te  i s  made of t h e  spectrum r a d i a t e d  by a cu r ren t  streamer 

whose c ros s - sec t iona l  dimensions are a n  apprec i ab le  f r a c t i o n  of a wave- 

length  and i n  which t h e  cu r ren t  v a r i e s  d i scont inuous ly  wi th  time. 

t h e  cu r ren t  d i s t r i b u t i o n  i s  roughly uniform throughout t he  s t reamer and 

drops r a p i d l y  t o  zero  a t  t h e  edge, it i s  found t h a t  the  amplitude of  t h e  

r a d i a t e d  spectrum w i l l  decrease inverse ly  as t h e  frequency a t  f requencies  

below t h e  one a t  which t h e  p ro jec t ion  of t h e  mean diameter of t he  streamer 

i n  the  d i r e c t i o n  of t he  observer  i s  about 0.4X. A t  h igher  f requencies  

the  spectrum decreases  inve r se ly  as t h e  5/2 power of  t he  frequency. 

streamers i n  which the  cu r ren t  v a r i e s  less ab rup t ly  o r  t he  edge of t h e  

streamer i s  not  so  w e l l  def ined,  the spectrum w i l l  decrease more r a p i d l y  

than  t h i s  a t  high frequencies .  Experimental evidence sugges ts  t h a t  t h e  

spectrum of l i gh tn ing  decreases  inverse ly  as t h e  frequency up t o  a f r e -  

quency of a t  least 500 M c .  I f  so, it i s  concluded t h a t  e i t h e r  t h e  

r a d i a t i n g  streamer has  a n  e f f e c t i v e  diameter o f  less than  24 cm (con- 

t r a s t i n g  w i t h  v i s i b l e  diameters  of one t o  t e n  meters), o r  t h a t  t he  

streamer cu r ren t  i s  no t  t h e  major source of r a d i a t i o n  a t  f requencies  

above a few hundred megacycles. 

I f  

For 
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I. INTRODUCTION 

S a t e l l i t e  measurements of t he  r a d i o  frequency r a d i a t i o n  from 

thunderstorms can provide u s e f u l  meteorological  information about t he  

d i s t r i b u t i o n  of thunderstorms and poss ib ly  about some p r o p e r t i e s  o f  t h e  

l i g h t n i n g  s t roke .  

l i t e  i s  r a d i a t i o n  a t  f requencies  above a few megacycles, because only a t  

these  f requencies  w i l l  t he  s i g n a l  pene t r a t e  t he  ionosphere.  

reason  the  s p e c t r a l  d i s t r i b u t i o n  of r a d i a t e d  energy a t  f requencies  above 

a few megacycles i s  of  p a r t i c u l a r  i n t e r e s t .  

r a d i a t e d  by t h e  main s t roke  of  the  l i g h t n i n g  f l a s h  i s  i n  t h e  frequency 

band below 100 Kc,  i t  appears  t h a t  t he  major source o f  r a d i a t i o n  t h a t  

pene t r a t e s  t he  ionosphere may be the r a p i d l y  changing cu r ren t  i n  t h e  

l eade r  s t r o k e s  which precede t h e  main s t roke .  Schonland'') estimates 

t h a t  a s tepped leader  w i l l  have a diameter of  one t o  t e n  meters, and i t  

seems reasonable  t o  assume t h a t  da r t  l eade r s  i n  the  same channel w i l l  

have roughly t h e  same diameter. I f  t h e  wavelength of  t he  r a d i a t i o n  i s  

comparable t o  t h i s  diameter,  t h e  r a d i a t i o n  from d i f f e r e n t  p a r t s  o f  t he  

c r o s s  s e c t i o n  of t h e  leader  w i l l  i n t e r f e r e  d e s t r u c t i v e l y ,  t hus  s i g n i f i -  

c a n t l y  reducing the  received s i g n a l  s t r eng th .  

spectrum a t  frequencies  of t h e  order of 100 M c  o r  h igher  w i l l  decrease 

more r a p i d l y  than  t h a t  from a s i m p l e  impulse, and i t  i s  the  ob jec t  of  

t h i s  r e p o r t  t o  i n v e s t i g a t e  t h i s  r a t e  of decrease q u a n t i t a t i v e l y .  

Hmever ,  t he  only r a d i a t i o n  t h a t  can reach a satel-  

For t h i s  

Since most of t h e  energy 

As a r e s u l t ,  t h e  r a d i a t e d  
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11. FOURIER ANALYSIS OF THE FIELD RADIATED BY ONE SEGWNT 

OF THE STEPPED ]LEADER 

Since the  a c t u a l  path o f  a leader  i s  very unpredic tab le ,  i t  w i l l  

be convenient t o  consider  f i r s t  only a s m a l l  segment o f  t h e  l eade r ,  which 

can be assumed t o  be nea r ly  s t r a i g h t  and which i s  o r i e n t e d  v e r t i c a l l y .  

The r a d i a t i o n  from the  e n t i r e  streamer w i l l  then be es t imated  by com- 

b in ing  the r a d i a t i o n  from many of these  segments o f  va r ious  loca t ions ,  

s i z e s ,  and o r i e n t a t i o n s .  The t o t a l  cu r ren t  i n  one v e r t i c a l  segment o f  

t h e  leader  w i l l  be assumed t o  depend on the  a l t i t u d e  h and time t and 

w i l l  be denoted by I ( h ,  t).  Current w i l l  be assmned t o  flow only i n  

t h e  v e r t i c a l  d i r e c t i o n  and t o  be d i s t r i b u t e d  i n  t h e  same way ac ross  a l l  

h o r i z o n t a l  c ros s  s e c t i o n s  of t h e  leader .  I f  x and y are Car t e s i an  co- 

o rd ina te s  i n  the  ho r i zon ta l  plane,  then the  c u r r e n t  dens i ty  J(x, y, h, t )  

can be w r i t t e n  i n  the  form 

where f (x ,  y )  desc r ibes  t h e  d i s t r i b u t i o n  of t he  cu r ren t  a c r o s s  t h e  leader .  

Since the  t o t a l  cu r ren t  I i s  t h e  i n t e g r a l  o f  J over any h o r i z o n t a l  su r f ace  

through the leader ,  i t  follows from Eq. (1) t h a t  

where t h e  i n t e g r a l  i s  extended over the  e n t i r e  c r o s s  s e c t i o n  of t h e  

leader .  From t h i s  cu r ren t  d i s t r i b u t i o n ,  t h e  f i e l d  r a d i a t e d  by one seg- 

ment of  the leader  can be es t imated .  

Since t h e  r ad ia t ed  f i e l d  i s  u s u a l l y  de t ec t ed  by a r e c e i v e r  t h a t  i s  

s e n s i t i v e  t o  only a narrow band of f requencies  i n  the  v i c i n i t y  of  Some 

given cen te r  frequency, i t  i s  convenient t o  d i s c u s s  only t h e  Four i e r  

components of the  r a d i a t e d  f i e l d  t h a t  l i e  i n  such a narrow band. 

components are produced by the  Four i e r  components o f  J (x ,  y ,  h ,  t )  i n  

t h i s  p a r t i c u l a r  band. 

frequency of i n t e r e s t  i s  J*(x, y ,  h ,  w ) e  
complex number and w i s  2n times t h e  frequency, and i f  t h e  corresponding 

These 

I f  t he  Four ie r  component of J (x ,  y ,  h ,  t )  a t  t he  

, where J* i s  i n  gene ra l  a - i w t  
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- i u t  Four ie r  component of t h e  t o t a l  cur ren t  I(h, t )  i s  I*(h, @)e , then  

from Eq. (1) 

The Four ie r  t ransform of the  f i e l d  q u a n t i t i e s  can be computed d i r e c t l y  

from J*(x, y ,  h ,  w). 

r e n t  element t o  t h e  observer  i s  so  g r e a t  t h a t  only terms propor t iona l  

t o  l /r  need be considered and a l l  terms p ropor t iona l  t o  h igher  powers of 

of l / r  are neglec ted ,  then  t h e  Fourier  t ransform of  t h e  magnetic f i e l d  

seen  by an  observer  loca ted  a t  the  poin t  x', y ' ,  h '  i s  given by 

I f  i t  i s  assumed t h a t  t h e  d i s t ance  r from t h e  cur -  

(2) 

i w r  /c 

r (4 1 
i 

d7 H * ( x ' ,  y ' ,  h ' ,  w)  = - -l J*(x, y,  h ,  w) x e 
4?l 

where 2 i s  t h e  u n i t  vec to r  i n  t h e  v e r t i c a l  d i r e c t i o n ,  2 i s  t h e  propaga- 

t i o n  vec tor  whose magnitude i s  w/c and whose d i r e c t i o n  i s  from the  cur-  

r e n t  element t o  the  observer ,  and d7 i s  the  element of  volume a t  t he  

cu r ren t  element under considerat ion.  The n o t a t i o n  i s  shown i n  Fig.  1. 

,Reference i ine 

Streamer 

F i g .  1 -- Geometry of the  streamer and t h e  observer .  
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It w i l l  be convenient t o  in t roduce  as a r e fe rence  l i n e  (shown i n  

Fig.  1) a v e r t i c a l  s t r a i g h t  l i n e  w i t h i n  t h e  s t reamer,  and t o  measure 

the  x and y axes from t h i s  l i n e .  The i n t e g r a l  of Eq. (4) can then  be 

eva lua ted  by cons ider ing  the  t h i n  h o r i z o n t a l  s e c t i o n  of t h e  streamer 

shown i n  Fig. 1. Since  the  d i s t ance  from t h e  streamer t o  t h e  observer  

i s  assumed t o  be f a r  g r e a t e r  than  the  diameter of  t he  streamer, the  

va lues  of x and y w i l l  be much less than  r. I f  t h e  value of  r when 

x 5 y = 0 i s  denoted by ro, then  the  va lue  of  r a t  any poin t  i n  the  t h i n  

s e c t i o n  under cons ide ra t ion  can be approximated by 

I f  t h e  x and y axes  are r o t a t e d  so t h a t  t h e  observer  l i e s  i n  t h e  x, h 

plane,  then y '  = 0,  and t h i s  equat ion  becomes 

(5) 
N r = r  - x s i n 8  

0 

where 0 is t h e  angle  between t h e  h-axis and t h e  l ine connect ing t h e  

observer  with t h e  poin t  where x = y = 0 i n  t h e  s e c t i o n  under cons idera-  

t i o n .  

I n  the i n t e g r a l  of Eq. (4) t h e  va lue  o f  J* can now be expressed by 

Eq. ( 3 ) ,  the vec tor  and t h e  f a c t o r  l / r  can be considered to be essen- 

t i a l l y  independent of  x and y s i n c e  t h e  diameter of  t h e  streamer i s  much 

smaller than i t s  d i s t ance  from t h e  observer ,  t h e  f a c t o r  e 

modified by r ep lac ing  r wi th  i t s  va lue  g iven  in Eq. ( 5 ) ,  and d7 can be 

can be 

rep laced  by dx dy dh, wi th  t h e  r e s u l t  t h a t  

L i s o  I c 

- .  
. .  
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For a v e r t i c a l  s t reamer segment t h a t  is very fa r  from t h e  observer ,  t h e  

angle  e i s  e s s e n t i a l l y  independent of h ,  so t he  i n t e g r a l  contained i n  

bracke ts  i s  a func t ion  of W only and w i l l  be  denoted by F(w): 

where the  i n t e g r a l  i s  extended over t h e  e n t i r e  c r o s s  s e c t i o n  of t h e  

s t reamer.  Then Eq. ( 6 )  becomes 

-iwo /c 

H*(x', y ' ,  h ' ,  w) = - & I*(h, u); X 2 e r dh F(u) (8) 
0 

By comparing the  i n t e g r a l  he re  with t h a t  of Eq. (4), i t  i s  seen t h a t  

t he  f i e l d  component H* is  equal t o  F ( W )  t i m e s  t h e  f i e l d  component t h a t  

would have e x i s t e d  i f  a l l  t he  a c t u a l  cu r ren t  i n  the  streamer had been 

concentrated on the  v e r t i c a l  l i n e  through the  o r i g i n  of coord ina tes .  

When H* is known the  corresponding e l e c t r i c  f i e l d  i s  perpendicular  t o  

H* and r e l a t e d  t o  i t  i n  magnitude by the  c h a r a c t e r i s t i c  impedance of 

f r e e  space,  and hence i s  uniquely determined. Thus t h e  e n t i r e  e f f e c t  

of the nonvanishing cross -sec t iona l  a r e a  of t he  s t reamer on the  r ad ia -  

t i o n  f i e l d  i s  t o  mul t ip ly  the  f i e l d  q u a n t i t i e s  by t h e  f a c t o r  F ( w ) .  

If the  cu r ren t  i n  one segment of t he  s t reamer were concentrated 

a long  a s i n g l e  l i n e  and rose  from a small  va lue  t o  i t s  maximum value  

almost ins taneous ly ,  a s  might be expected i n  such a d ischarge ,  its 

r a d i a t e d  frequency spectrum would vary  inve r se ly  a s  t he  frequency, o r  

a s  l / u .  Thus the  spectrum rad ia t ed  from an a c t u a l  stepped leader  seg-  

ment wi th  a s i g n i f i c a n t l y  l a r g e  c ros s - sec t iona l  a r e a  w i l l  be propor t iona l  

t o  F(w) /w. It remains t o  eva lua te  F(W) . 
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111. THE DETERMINATION OF F(w) 

Since t h e  d i s t r i b u t i o n  of cu r ren t  ac ross  the  streamer i s  not  known, 

no exac t  de te rmina t ion  of F(w) i s  poss ib le .  

the  way i n  which F(w) v a r i e s  wi th  w can be gained by eva lua t ing  F(w) 

fo r  t h e  simple case of a c i r c u l a r l y  c y l i n d r i c a l  streamer wi th  a uniform 

cu r ren t  d i s t r i b u t i o n .  I n  t h i s  case f (x ,  y )  i s  a cons tan t .  I f  the  r ad ius  

of t he  streamer i s  R ,  then  E q .  (2) r equ i r e s  t h a t  t h e  a c t u a l  va lue  of 

f (x ,  y )  m u s t  be l/(nR ). 

becomes 

However, a rough idea  of 

2 I f  2nc/(w s i n  e )  i s  denoted by L, E q .  ( 7 )  

1 -i2nx/L dx dy F(w)  = - JJ e 
nR 2 

Carrying out t he  i n t e g r a t i o n  over y i n  a c i rc le  of  r ad ius  R ,  so  t h a t  y 

runs from - 

I f  u = x/R, t h i s  i s  

where J is  t h e  Bessel  func t ion  of f i r s t  o rder .  S ince  t h e  rece ived  s i g -  

n a l  s t r eng th  depends only on t h e  magnitude and not  t he  s i g n  of F(w), t he  

abso lu te  magnitude of t h i s  va lue  of F(w) has  been p l o t t e d  as a func t ion  

of 2nR/L i n  Fig. 2. 

1 

When 2nR/L i s  l a r g e ,  J1(2nR/L) i s  given approximately by 

- 1  3n J1(2nR/L) = - COS (2nR/L - 6) 
n f i  

so t h a t  

cos (2nR/L - 3n/4) 1 F(w) 
n2  @/L) 3 /2  

. .  
- .  
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Thus, t o  t h i s  approximation, F(w) v a r i e s  s inuso ida l ly  w i t h i n  an envelope 

t h a t  i s  shown by the  dashed l i n e  i n  Fig. 2. It i s  apparent  t h a t  Eq. (10) 

gives  a very u s e f u l  approximation fo r  F(w) whenever 2rrR/L i s  g r e a t e r  than 

3 or  4 .  

The envelope of t he  high-frequency end of t h e  spectrum t h a t  i s  

p l o t t e d  i n  Fig. 2 has  been der ived  f o r  a c i r c u l a r l y  c y l i n d r i c a l  streamer 

wi th  a uniform cu r ren t  d i s t r i b u t i o n .  However, i t  can be genera l ized  

s l i g h t l y  t o  apply t o  any streamer t h a t  has  a smoothly shaped boundary 

and whose cu r ren t  d i s t r i b u t i o n  v a r i e s  only gradual ly  w i t h i n  t h e  boundary 

but  drops r ap id ly  t o  zero ou t s ide  of i t .  To make t h i s  gene ra l i za t ion ,  

it i s  convenient t o  use a Fresnel-zone argument t o  eva lua te  t h e  i n t e g r a l  

of Eq. (7). (3) 

i n  Fig. 3) be divided i n t o  F resne l  zones, each of which i s  of width L/2, 

where L = 2rrc/(w s i n  e ) ,  as before .  

L e t  t h e  c ros s  s e c t i o n  of an  a r b i t r a r y  streamer (shown 

X 

/ 
/ 

/Boundary of I 

X 

/ 
/ 

Fig. 3 -- Cross s e c t i o n  of a n  a r b i t r a r y  streamer. 

If  (xl, Y,) and (x 2, y,) are t h e  p o i n t s  on t h e  boundary t h a t  are f a r t h e s t  

from t h e  observer and c l o s e s t  t o  him, r e s p e c t i v e l y ,  then  t h e  boundaries  

of the Fresne l  zones are t h e  v e r t i c a l  l i n e s  shown a t  t h e  p o i n t s  where 

x = x1 -k nL/2, where n i s  a n  i n t e g e r ,  and t h e  i n t e g r a l  of Eq. (7) can 

be w r i t  t e n  
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a .  

where F 

and N i s  t h e  t o t a l  number o f  zones. Then F(w) can be w r i t t e n  

i s  t h e  con t r ibu t ion  of the nth F resne l  zone t o  t h e  i n t e g r a l ,  
n 

FN-l + F i f  N i s  even. The where t h e  last term i s  2 i f  N i s  odd and 2 
exponent ia l  f a c t o r s  a t  corresponding p o i n t s  i n  the  in tegrands  of  F 

FN 
N 

and n 
d i f f e r  only by t h e  f a c t o r  e-in, o r  -1. The o the r  f a c t o r  i n  t h e  

FITtl 
in tegrand  i s  s f (x ,  y) dy, which depends on t h e  range of i n t e g r a t i o n  of 

y and on t h e  va lue  of f(x,  y) ,  both of which are assumed t o  vary only 

slowly from one zone t o  t h e  next .  

s i g n  and w i l l  d i f f e r  only s l i g h t l y  i n  magnitude. It follows t h a t  Fn 

w i l l  be roughly t h e  nega t ive  of  the average o f  Fdl and Fn-l, and t h e  

q u a n t i t i e s  i n  parentheses  i n  Eq. (12) w i l l  tend t o  vanish  as long as 

t h e r e  are no s t rong  p e r i o d i c i t i e s  of per iod  L i n  s f (x ,  y) dy. 

assuming t h a t  t h e r e  a r e  no such p e r i o d i c i t i e s ,  t h e  major con t r ibu t ions  t o  

F(w) come from the  f i r s t  and last one o r  two F resne l  zones, and a good 

approximation t o  the  i n t e g r a l  i n  Eq. (11) can be obta ined  by r ep lac ing  

Thus Fn and Fn+l w i l l  be of  oppos i te  

Thus, 

f (x ,  y )  dy by any quan t i ty  t h a t  c l o s e l y  approximates i t  i n  these  zones 

and t h a t  v a r i e s  i n  any convenient way i n  the  o the r  zones, provided only 

t h a t  it v a r i e s  slowly from zone t o  zone. 

With t h i s  observat ion,  t he  i n t e g r a l  of Eq. (11) can be eva lua ted  

d i r e c t l y .  

r eg ions  near  the  p o i n t s  (x 1' Y,) and (x2, Y2 ) by two parabolas  (shown 

dashed i n  Fig. 3) whose r a d i i  of curva ture  are the  a c t u a l  r a d i i  of 

curva ture  R and R of t he  boundary a t  t h e s e  two poin ts .  The equat ions  

of  t hese  parabolas  a r e  

The boundary of t h e  streamer can be approximated i n  the  

1 2 

and 

Y - Y2 = f V 2 R 2 ( X 2  - x) 
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r e spec t ive ly .  

i t  can be approximated by the  cons tan t  va lue  f 

streamer near (x 

Then i n  the reg ions  near  (xl, y,) and (x 

Since f (x ,  y)  v a r i e s  only gradual ly  w i t h i n  t h e  streamer, 

i n  t h e  reg ion  of t he  1 
) and by the  value f i n  t he  reg ion  near  (x2, y2) .  

) we have approximately 
1’ y 1  2 

2’ y2 

Between these  two reg ions  the  value of  F(w) i s  i n s e n s i t i v e  t o  the  va lue  

of  

no marked p e r i o d i c i t y  wi th  per iod  L. Thus i t  i s  a good approximation 

t o  d iv ide  the e n t i r e  streamer i n t o  two p a r t s  and use  t h e  f i r s t  of t h e s e  

approximations throughout t h e  l e f t  p a r t  and t h e  second throughout t he  

r i g h t  p a r t .  The boundary between these  two p a r t s  w i l l  be a t  a po in t  

x = b, where b i s  chosen so t h a t  t h e  r e s u l t i n g  approximation fo r  

s f (x ,  y )  dy v a r i e s  cont inuously ac ross  t h e  boundary a t  x = b. From 

t h e  expressions f o r  f (x ,  y )  dy given above, i t  i s  e a s i l y  seen t h a t  

f ( x ,  y )  dy so  long as s f (x ,  y )  dy v a r i e s  smoothly wi th  x and has  

b =  

and from Eq.  (11) we have:  

I f  we change the  v a r i a b l e s  of  i n t e g r a t i o n  by l e t t i n g  u = i n  

t he  f i r s t  of t hese  i n t e g r a l s  and u = 2 \JX2LX i n  t h e  second, and employ 

the  i d e n t i c a l  r e l a t i o n  

t h e  r e s u l t  can be s i m p l i f i e d  by r e p l a c i n g  b by t h e  va lue  given i n  Eq. (13) 

and becomes 
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where t h e  i n t e g r a l s  are F r e s n e l ' s  i n t e g r a l s .  

a n  approximation f o r  F(w) a t  high frequencies ,  where L i s  s m a l l ,  we a r e  

p r imar i ly  i n t e r e s t e d  i n  t h e s e  i n t e g r a l s  when t h e  upper l i m i t  of i n t e -  

g r a t i o n  approaches i n f i n i t y .  I f  each of  the  two p a r t s  of t he  s t reamer,  

between x 

= L/2 and x2 - b = L/2, and t h e  upper l i m i t  of  each w e  w i l l  have b - 
of t h e  above i n t e g r a l s  i s  fl. fi o r  more, t he  

a b s o l u t e  magnitude of  e i t h e r  i n t e g r a l  i s  w i th in  about 30 percent  o f  i t s  

va lue  f o r  an upper l i m i t  of i n f i n i t y .  Thus, f o r  any streamer t o  which 

t h e  F r e s n e l  zone argument can reasonably be appl ied ,  a good f i r s t  approxi-  

mat ion t o  F(w) can be obta ined  by l e t t i n g  the  upper limits of both i n t e -  

g r a l s  be i n f i n i t e .  Then, s i n c e  

Since w e  are looking fo r  

and b and between b and x2, conta ins  only one F resne l  zone, 1 

x1 
For an upper l i m i t  o f  

l f i  du = - 2 
k i  (n/2)u ca s e  2 

0 

t h e  express ion  f o r  F (w) becomes 

The amplitude of 

o f  F(w) which i s  

t h e  rece ived  s i g n a l  depends on t h e  abso lu te  magnitude 

given by 

Th i s  i s  t h e  gene ra l  express ion  f o r  F(u) t h a t  was des i red .  For t h e  p a r t i -  

c u l a r  case of a c i r c u l a r l y  c y l i n d r i c a l  streamer wi th  a r ad ius  R and with a 

uniform cu r ren t  d i s t r i b u t i o n ,  w e  have R 

f2 = l /(nR2),  and Eq. (14) becomes Eq. (10). 

= R2 = R, x2 - x 1 1 = 2R, and f l  = 
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The magnitude of /F(w)I given by Eq. (14) i s  e a s i l y  understood as 

t h e  magnitude of t he  r e s u l t a n t  of two v e c t o r s  whose magnitudes a r e  

L3l2 f l  pl and & L3/2 f2 fi and whose d i r e c t i o n s  are separa ted  by 21-r 

t h e  angle  2n[ (x2 - xl)/L + 1/41, as shown i n  Fig.  4. 

Fig. 4 -- Vector diagram f o r  determining (F(w) I. 

The frequency a t  which t h e  observa t ion  i s  made e n t e r s  t h e  express ion  

f o r  I F(w) I i n  Eq. (14) only through L, which v a r i e s  i nve r se ly  as t h e  

frequency. Thus as the  frequency i n c r e a s e s ,  t h e  magnitudes of t h e  two 

v e c t o r s  decrease,  and one of them r o t a t e s  cont inuously r e l a t i v e  t o  the  

o ther ,  with t h e  r e s u l t  t h a t  IF(co)l o s c i l l a t e s  between t h e  l i m i t s  

and 

Q u a l i t a t i v e l y ,  t h i s  v a r i a t i o n  i s  much l i k e  t h e  one shown fo r  high f re-  

quencies i n  Fig.  2 except  t h a t  t he  minima w i l l  no t  be zero un le s s  

f l &  = f 2  -&. 
more genera l  type o f  s t reamer i s  a l s o  similar t o  t h a t  shown i n  Fig.  2, 

i n  t h a t  F(w) 

than  L/2.  It i s  thus  reasonable  t o  conclude t h a t  an  upper l i m i t  t o  t h e  

va lue  of IF(w)l i s  given by Eq. (15) a t  f r equenc ie s  where Eq. (15) g ives  

The v a r i a t i o n  of IF(u)l  a t  low f requencies  f o r  t h i s  

1 f o r  any streamer as long as x2  - x1 i s  apprec iab ly  less 
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a va lue  of I F ( U I ) I  less than  one and is  Piven by IFCcu>l = 1 below t h i s  

frequency, provided only t h a t  t h e  streamer has  a smooth, sha rp ly  def ined 

boundary. 

Furthermore, the  a n a l y s i s  given above a l s o  sugges ts  an  upper l i m i t  

t o  [F (u ) (  t h a t  can be app l i ed  t o  s t reamers  t h a t  l ack  a sharp  boundary, 

t h a t  i s ,  t o  streamers i n  which the  cur ren t  dens i ty  [and hence f (x ,  y ) ]  

drops t o  zero only very gradual ly  as the d i s t ance  from the  cen te r  of  

the streamer increases .  I n  order  t h a t  Eq. (2) can be s a t i s f i e d  by such 

a s t reamer,  f (x ,  y )  must decrease more r a p i d l y  than  l / r2  f o r  l a rge  d i s -  

tances  r f r m  the  center  of  t he  streamer. Thus i f  we were t o  approxi-  

mate t h e  streamer by one t h a t  has the same cur ren t  d i s t r i b u t i o n  wi th in  

a l a rge  c i r c l e  of r ad ius  R and t h a t  has no cu r ren t  ou t s ide  of  t h i s  

c i r c l e ,  Eq. (15) would give an upper l i m i t  t o  t he  value of  IF(cu)[ a t  

high frequencies  t h a t  v a r i e s  as l/R3’2 and approaches zero  as R - OD. 

S ince i n  t h e  l i m i t  as R - OD t h e  approximate streamer approaches the  

a c t u a l  one, i t  i s  c l e a r  t h a t  t h e  actual  value of IF(w>I a t  high fre- 

quencies i s  very small and i s  l e s s  than t h a t  p red ic t ed  by Eq. (15) fo r  

any t runca ted  streamer of t he  type considered above. 

the  e f f e c t  of a gradual  r a t h e r  than  abrupt drop i n  the  cu r ren t  dens i ty  

a t  t h e  edge of t h e  streamer i s  t o  reduce apprec iab ly  the  high-frequency 

r a d i a t i o n  from t h e  streamer. 

any streamer, i t  i s  only the  high-frequency r a d i a t i o n  t h a t  i s  a f f e c t e d ,  

and i t  can be concluded t h a t  the  e f f e c t  of a pradual r a t h e r  than  abrupt  

drop i n  the  cu r ren t  dens i ty  a t  the  edge of t h e  s t reamer i s  t o  make 

IF(w)l decrease more r ap id ly  than  i t  otherwise would as t h e  frequency 

inc reases .  

Thus, i n  genera l ,  

Since a t  low frequencies  IF(w)( 1 f o r  

These r e s u l t s  g ive  t h e  following u s e f u l  estimate of t h e  value of 

[ F(w)l fo r  almost any streamer t h a t  might occur i n  na tu re  : 

1. [F(ro)l 1 a t  low frequencies ,  where the  maximum dimension of 

t h e  streamer i s  much less than  L/2. 

2. [F(w)l i s  given by Eq. (14) a t  f requencies  so high t h a t  t he  

maximum dimension of t h e  streamer i n  the  d i r e c t i o n  of t he  

r e c e i v e r  i s  much g r e a t e r  than L/2, i f  the  cu r ren t  d i s t r i b u t i o n  

drops ab rup t ly  t o  zero a t  t h e  edge of t he  s t reamer (making 

most of i t s  v a r i a t i o n  i n  less than  one F resne l  zone of width L/2). 
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3. I f  t h e  cu r ren t  dens i ty  a t  the  edge of t h e  streamer drops t o  

zero  more slowly than  assumed above, [F(w)I w i l l  be cons ider -  

ab ly  less a t  high frequencies  than  the  value given by Eq. (14) 

when f l  and f 2  are eva lua ted  on any l a rge  c i r c l e  of r ad ius  R 

and R1 = R 2  = R. 

The case of  a c i r c u l a r l y  c y l i n d r i c a l  s t reamer wi th  uniform 

cu r ren t  d i s t r i b u t i o n  (see Fig.  2) sugges ts  t h a t  t h e  h igh- f re -  

quency approximation i s  q u i t e  accu ra t e  down t o  the  frequency 

a t  which i t  gives  t h e  value IF(co)( = 1, and the  low-frequency 

approximation [F(w) I 
be low t h i s  one. 

4. 

1 i s  reasonably good a t  f requencies  

These r e s u l t s  give an i n d i c a t i o n  of t he  va lue  of IF(w)( f o r  almost 

any leader  s t roke  t h a t  might be encountered i n  na ture .  They would not  

apply when the  cu r ren t  i s  concent ra ted  almost e n t i r e l y  near  t h e  edge of  

the streamer and f (x ,  y )  becomes very l a r g e  i n  t h i s  reg ion ,  because 

f (x ,  y )  could not  then  be assumed t o  be roughly cons tan t  throughout t he  

f i r s t  and last F resne l  zones, and t h e  i n t e g r a l s  by which IF(cu)( has  been 

determined would have t o  be re-evaluated.  S i m i l a r l y ,  i f  f (x ,  y )  i s  

roughly constant  but  t he  edge of t he  channel i s  s t r a i g h t ,  so  t h a t  e i t h e r  

R o r  R becomes i n f i n i t e ,  t he  conclusions above are not  v a l i d .  I n  f a c t ,  

i f  t he  channel i s  r ec t angu la r  and i s  viewed perpendicular  t o  one face ,  

t h e  envelope of t he  high-frequency r a d i a t i o n  spectrum decreases  as l / u ,  

r a t h e r  than as l / w  . However, such s i t u a t i o n s  appear t o  be r a r e  and 

w i l l  be  neglected here .  

1 2 

3 /2 
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IV. THE RADIATED SPECTRUM FROM AN ACTUAL STREAMER 

Because a c t u a l  leader  s t rokes  vary  widely i n  shape, any e s t ima te  

of t h e  r a d i a t i o n  from a p a r t i c u l a r  s t r o k e  must be somewhat q u a l i t a t i v e .  

However, i t  i s  reasonable  t o  assume t h a t  any s t roke  can be represented  

approximately by a sequence of segments, each of which has t h e  form 

discussed  above, but  each of  which i s  a t  a d i f f e r e n t  l oca t ion  and i s  

o r i en ted  i n  a s l i g h t l y  d i f f e r e n t  d i r e c t i o n  from t h e  o thers .  The spectrum 

of an  a c t u a l  s t reamer i s  then the  sum of the  s p e c t r a  of i t s  segments, 

where the  f i e l d  components a t  any given frequency are added i n  t h e i r  

proper p o l a r i z a t i o n  and phase. 

tend t o  be o r i en ted  i n  roughly the same d i r e c t i o n ,  i t  w i l l  be assumed 

t h a t  t h e i r  f i e l d s  a l l  have the  same p o l a r i z a t i o n  and thus  can be added 

by adding t h e i r  ins tan taneous  amplitudes. Because t h e  segments of the  

streamer are a t  d i f f e r e n t  d i s t ances  from t h e  observer ,  i t  w i l l  be assumed 

t h a t  t he  components they r a d i a t e  a t  any given frequency w i l l  a r r i v e  a t  

t he  observer  wi th  randomly d i s t r i b u t e d  phases. 

Since t h e  segments of the  a c t u a l  streamer 

Under these  circumstances,  the  amplitude of t h e  r e s u l t a n t  f i e l d  

i s  the square roo t  of t he  sum of t h e  squares  of t h e  components rece ived  

from t h e  i n d i v i d u a l  segments of the s t reamer.  Each of  these  components 

has  the  form given by Eq. (8) and i s  assumed t o  vary wi th  frequency pro- 

p o r t i o n a l  t o  F.(w)/co, where Fi(w) i s  t h e  func t ion  

segment of  t h e  streamer. 

p o r t i o n a l i t y  i s  roughly t h e  same f o r  each segment of t he  streamer, wi th  

t h e  r e s u l t  t h a t  t h e  frequency spectrum of t h e  e n t i r e  s t reamer can be 

w r i t t e n  i n  t h e  form of a constant  f a c t o r  t i m e s  IF (cu) I /w, where IF (w)[ 

i s  an  e f f e c t i v e  va lue  of 1F(w)I f o r  t h e  e n t i r e  streamer composed of N 

segments. 

t h  F ( d  fo r  t h e  i 
1 

It w i l l  be assumed t h a t  t h e  f a c t o r  of  pro- 

S S 

Then IFs(cu)l i s  given by 

A t  t h e  low-frequency end of t h e  spectrum IFi<w)I 1, and IFS(w)I =fi. 
A t  t h e  high-frequency end of the spectrum IFi(co>I has  the  form given by 

Eq.  (14) and IFi(w)I i s  
2 
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0 .  

. .  

t h  where each parameter i s  eva lua ted  f o r  t h e  i segment of t he  stream- 

e r .  It  w i l l  be assumed t h a t  t he  parameters x - x and L vary 
3 enough from segment t o  segment so t h a t  t he  average value of L cos 

2 1 

over a l l  segments i s  e s s e n t i a l l y  zero.  Furthermore, 

t he  averages over a l l  segments of t h e  q u a n t i t i e s  L3f% and L 3 f g 2  w i l l  

be roughly equal  and w i l l  be denoted by a, s o  t h a t  Eq. (17) g ives  

[2n( x2 ; - i ]  
1 1  

This  expression depends on frequency only through t h e  f a c t o r  L, which i s  

def ined  t o  be 2rrc/(m s i n  e) ,  so  IFs(m>l can be w r i t t e n  

3/2 and i t  i s  c l e a r  t h a t  IFs(w)I v a r i e s  as l / w  
t o  be l i eve  t h a t  t he  s t a t i s t i c a l  d i s t r i b u t i o n  of t h e  va lues  of  f a t  t he  

edge of one segment of t h e  streamer o r  of  t he  r a d i u s  of curva ture  R a t  

t h a t  po in t  i s  dependent on the  o r i e n t a t i o n  of  t h a t  segment as s p e c i f i e d  

by t h e  angle 6 ,  the  average value of  f % / s i n  8 w i l l  be j u s t  t h e  average 

of f %  times the  average o f  l / s i n  0. Defining an  e f f e c t i v e  o r i e n t a t i o n  

angle  eS between the  genera l  d i r e c t i o n  of  t h e  streamer and the  d i r e c t i o n  

of t h e  observer by l e t t i n g  l / s i n  0 equa l  t h e  average of l / s i n  9 over 

a l l  segments of t he  streamer, w e  have 

. Since t h e r e  i s  no reason 

3 

3 

3 3 
S 

The average value of f %  depends on unknown parameters  of t h e  i n d i v i d u a l  

streamer segments. However, a n  estimate of t h i s  average can be obta ined  

by assuming t h a t  t he  d i f f e r e n t  segments o f  t h e  s t reamer are s t a t i s t i c a l l y  

similar, s o  t h a t  t he  average of  f %  Over t h e  d i f f e r e n t  segments i s  t h e  

same as the  average of f %  Over a l l  az imutha l  d i r e c t i o n s  f o r  any one 
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segment of t h e  s t reamer.  

a x i s  of one segment of t h e  streamer between an  a r b i t r a r y  re ference  

d i r e c t i o n  and the  plane conta in ing  the a x i s  and the  observer ,  and i f  

changing cp t o  cp + d(p moves t h e  point a t  which t h e  per imeter  of t he  

s t reamer c ros s  s e c t i o n  i s  perpendicular t o  the  d i r e c t i o n  of t he  observer  

by a d i s t ance  ds a long  t h e  perimeter,  then  t h e  r ad ius  of curva ture  of  

t h e  per imeter  a t  t h a t  po in t  i s  def ined t o  be R = /ds/dcp[. 

value of f ( x ,  y )  a t  t h a t  po in t ,  and i f  t h e  per imeter  of the  s t reamer i s  

assumed t o  be convex outward s o  t h a t  ds/dcp i s  always p o s i t i v e ,  we can 

average f %  over a l l  va lues  of 

I f  cp i s  an azimuth angle  measured about t h e  

I f  f i s  t h e  

from o t o  2n t o  g e t  

- s f 2  ds  f % = q  2n ' 2n 
- 

2 L e t t i n g  f 2  be the  average value of f on t h e  per imeter  and l e t t i n g  P be 

the  t o t a l  length of t h e  per imeter ,  w e  have 

With these  s u b s t i t u t i o n s ,  Eq. (18) becomes 

Thus IFs(w)l i s  approximately fi a t  f requencies  below t h e  one where the  

r i g h t  s i d e  of Eq.  (19) equals@, and it decreases  as l/ru3l2 above t h a t  

frequency. The frequency a t  which [Fs(w)I changes s lope  i s  the  one f o r  

which 

w = -  C \3/2Pf 
s i n  eS 

or  f o r  which t h e  wavelength h, i s  given by X = 2nc/w, has  the  va lue  

2n sin BS 

2P f 
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This gives  a reasonable  estimate of  IF ( ~ $ 1  f o r  a complete s t r eae r  

when i t s  per imeter  and t h e  average va lue  of f (x ,  y )  on t h e  perimeter are 

known. Actual ly ,  t he  only parameter o f  t he  streamer about which w e  have 

any information i s  i t s  apparent  diameter,  and w e  would l i k e  t o  determine 

t h e  frequency a t  which t h e  s lope  of t he  spectrum changes as a func t ion  

of  t h i s  diameter. I f  i t  i s  assumed t h a t  t he  cu r ren t  d i s t r i b u t i o n  i s  

roughly uniform throughout t h e  streamer, then f (x ,  y )  i s  j u s t  t h e  r ec ip ro -  

cal of the c ros s  s e c t i o n a l  area of t he  streamer.  I f  t he  e f f e c t i v e  

s t reamer diameter D i s  def ined  so t h a t  t h i s  area i s  ZD , then the  p e r i -  

meter P must be g r e a t e r  than  rrD, and t h e  value of u) given by Eq. (20) 

w i l l  be g r e a t e r  than 

S 

r r 2  

2c 
D s i n  eS 

and, from Eq. (21), h a t  t h i s  po in t  w i l l  be less than  

I f  i t  i s  assumed t h a t  t he  streamer i s  roughly c i r c u l a r ,  t hese  inequa l i -  

t i e s  w i l l  be nea r ly  e q u a l i t i e s ,  and t h e  frequency a t  which t h e  s lope  

of t he  r ad ia t ed  spectrum changes w i l l  be one fo r  which D s i n  8 i s  not  

more than  about 0.4h. 

i t  i s  concluded t h a t :  

S 
Since t h e  r a d i a t e d  spectrum v a i r e s  as (l/u))IFs(w)l, 

1. The amplitude spectrum w i l l  decrease as l/u a t  frequencies  below 

t h e  one at which Ds s i n  QS i s  about 0.4L 

5/2 creases at least  as r a p i d l y  as l / u )  . 
2. A t  f requencies  h igher  than  t h i s  one t h e  ampli tude spectrum de- 

3. I f  the  rate of r ise  of t h e  cu r ren t  i n  t h e  streamer i s  not  S O  

r a p i d  t h a t  t he  cu r ren t  can be considered t o  be a d iscont inous  func t ion  

of t ime, o r  i f  t he  cu r ren t  d i s t r i b u t i o n  drops t o  zero  only very gradu- 

a l l y  a t  the edge of t h e  streamer, t h e  ampli tude spectrum a t  the  h igher  

f requencies  w i l l  be less than t h e  one i n d i c a t e d  above. 

It i s  now poss ib l e  t o  compare these  r e s u l t s  w i th  t h e  frequency 

s p e c t r a  t h a t  have been observed exper imenta l ly ,  as compiled by Kimpara. 
(4  ) 
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A t  any frequency between 100 K c  and 500 M c ,  t he  measurements suggest 

t h a t  t h e  amplitude spectrum decreases  as l/u. Because of the  spread 

of t h e  experimental  r e s u l t s ,  t h i s  conclusion cannot be regarded as 

c e r t a i n ;  however, i f  it i s  accepted,  the foregoing r e s u l t s  show t h a t  

t h e  r a d i a t i o n  cannot be considered t o  come from a s i n g l e  streamer wi th  

a roughly uniform cu r ren t  d i s t r i b u t i o n  unless  D s i n  0 i s  l e s s  than  

0.4X a t  500 M c ,  o r  24 cm. I f  i t  i s  assumed t h a t  t h e  measurements were 

made on streamers t h a t  were roughly perpendicular  t o  t h e  l i n e  of observa- 

t i o n ,  t h i s  impl ies  t h a t  t h e  streamer diameter i s  less than  24 cm, arguing 

s t r o n g l y  a g a i n s t  any theory i n  which the r a d i a t i o n  i s  assumed t o  come 

p r imar i ly  from a streamer 1 t o  10 meters i n  diameter.  To i n v e s t i g a t e  

t h e  v a l i d i t y  of  t h i s  argument it would be very d e s i r a b l e  t o  have more 

exac t  measurements of t he  frequency spectra r a d i a t e d  by ind iv idua l  

l i g h t n i n g  s t rokes ,  p a r t i c u l a r l y  a t  f requencies  above 100 M c ,  so  t h a t  

it could be determined whether t h e  spectrum at  t h e s e  frequencies  de- 

creases as l / w  o r  as l / w  

S 

5 /2 , o r  even more rap id ly .  
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V. CONCLUSIONS 

It has  been shown t h a t  t h e  f a c t  t h a t  t he  c ros s  s e c t i o n  of a l i g h t n i n g  

streamer i s  not i n f i n i t e s i m a l l y  small means t h a t  components of h igh - f r e -  

quency r a d i a t i o n  coming from d i f f e r e n t  p a r t s  of  t h e  s t reamer c ros s  s e c t i o n  

w i l l  not a l l  add i n  phase;  as a r e s u l t ,  t h e  r a d i a t e d  frequency spectrum 

w i l l  decrease more r ap id ly  a t  high frequencies  than  i t  would i f  t h e  

streamer c ross  s e c t i o n  were i n f i n i t e s i m a l l y  s m a l l .  The r e s u l t i n g  ampli-  

tude spectrum w i l l  decrease as l/w a t  f requencies  above about 100 Kc 

(where the  r e t u r n  s t r o k e  can be ignored)  u n t i l  t h e  frequency i s  so  high 

t h a t  the diameter of t he  streamer i s  an  apprec i ab le  p a r t  of a wavelength. 

Above t h i s  frequency the  spectrum w i l l  decrease as l / w  . For a n  

observer who views t h e  streamer from a d i r e c t i o n  roughly perpendicular  

t o  t h a t  of t h e  streamer, t h i s  change i n  s lope  of t h e  spectrum occurs  

when the diameter of t he  s t reamer i s  about fou r - t en ths  of t he  wave- 

length.  

very s l o w l y  a t  the  edge of t h e  streamer, o r  i f  t h e  cu r ren t  does not  

change i n  almost ins tan taneous  jumps, t h e  frequency spectrum w i l l  de- 

crease even more r ap id ly  than  t h i s  a t  h igh  frequencies .  Experimental  

r e s u l t s  suggest t h a t  t h e  spectrum may decrease  only as l / w  up t o  f r e -  

quencies as high as 500 M c .  I f  t h i s  i s  t r u e ,  then  t h e  main source of 

high-frequency r a d i a t i o n  cannot be a s i n g l e  streamer of diameter g r e a t e r  

than  about 24 cm. 

1 t o  10 meters,  and s i n c e  d a r t  l eade r s  might be expected t o  have similar 

diameters,  i t  appears  t h a t  e i t h e r  t h e  conduct ing core  of t h e  leader  i s  

much smaller than  i t s  v i s i b l e  diameter o r  t h e  cu r ren t  i n  t h e  leader  i s  

not the  major source of high-frequency r a d i a t i o n .  

5 / 2  

I f  t h e  cu r ren t  d i s t r i b u t i o n  i n  t h e  streamer drops t o  zero  only 

Since v i s u a l  diameters  of s tepped l eade r s  are about  
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